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Abstract:

This  paper  presents  the  implementation  of  the  single-layer  least-squares-based  deep  learning  (LSBDL)  model,  optimized  using  the 
steepest  descent  method.  As  a  showcase,  the  work  numerically  validates  LSBDL’s  performance  in  complex  non-linear  applications, 
such  as  surface  fitting.  LSBDL  is  proposed  as  a  transparent  deep  learning  solution,  uniquely  merging  the  theoretical  robustness  and 
quality  control  capabilities  of  the  least  squares  (LS)  method  with  the  flexibility  of  deep  learning  (DL)  models.  Unlike  conventional 
black-box  DL  architectures,  the  LSBDL  framework  naturally  provides  statistical  quality  assessment  metrics,  including  the  covari- 
ance  matrix  of  estimated  parameters  and  precision  of  predicted  outcomes.  This  enables  seamless  model  mis-specification  and  outlier 
detection  using  established  reliability  theory.  The  key  focus  of  this  study  is  the  model’s  demonstrated  efficiency,  accuracy,  and  per-
formance  in  complex  non-linear  applications.  In  a  complex  surface  fitting  application,  the  implemented  LSBDL  model  achieved  a 
root  mean  square  error  (RMSE)  of  0.0021,  which  is  significantly  lower  than  the  simulated  noise  level.  Furthermore,  the  estimated 
LS  residuals  are  consistent  with  the  simulated  (and  also  estimated)  standard  deviation  of  σ  =  0.01.  The  implemented  model  of- 
fers  an  effective,  statistically  grounded,  and  numerically  efficient  solution  for  handling  complex  non-linear  problems,  particularly 
those  involving  heterogeneous  and  correlated  observations.  All  hyperparameters,  initialization  steps,  optimization,  and  validation 
procedures  are  thoroughly  discussed.  The  Matlab  and  Python  code  is  freely  available  at:  https://github.com/tud-dasaa/lsbdl.v1.

1. Introduction

The 21st century is characterized by rapid increase of big data,
offering unprecedented opportunities while also posing serious
challenges for its effective processing and meaningful interpret-
ation (Williams, 2017). Within the realm of artificial intelli-
gence (AI), machine learning (ML) has emerged as a pivotal
technology, influencing a wide range of domains. The inherent
complexity of many ML algorithms necessitates the explora-
tion of novel approaches for data analysis and knowledge ex-
traction (Jordan and Mitchell, 2015). Deep learning (DL), a
branch of ML, trains complex models and has achieved notable
success across many applications, drawing strong research in-
terest (Emmert-Streib et al., 2020). This success, however, is
often shadowed by the ”black-box” nature of deep neural net-
works, which hinders interpretability and poses challenges in
areas such as outlier detection and robust statistical inference
(Najafabadi et al., 2015). To address this lack of transparency,
the development of eXplainable AI (XAI) has emerged as a
prominent and active research area (Arrieta et al., 2020). In
response to these challenges and the growing demand for trans-
parent and efficient learning paradigms, a novel deep learn-
ing method, least-squares-based deep learning (LSBDL), has
recently been introduced (Amiri-Simkooei et al., 2024). LS-
BDL combines the interpretability of least squares theory with
the flexibility of deep learning, offering a promising method to
complex computational tasks from an XAI perspective. A con-
ceptual overview of data science techniques is shown in Fig. 1,
which illustrates the hierarchical relationship between AI, ML,
DL, and artificial neural networks (ANNs) (Choi et al., 2020).
ANNs, inspired by biological neural systems (Haykin, 1994),
are the core computational models in DL. They are particu-
larly effective for problems involving large datasets and nonlin-
ear relationships, where traditional methods may fail (Bishop,

Figure 1. Subfields of data science.

1995). An ANN consists of interconnected layers of artificial
neurons — input, hidden, and output — where weighted in-
puts are passed through activation functions to produce outputs.
Key features of ANNs include learning from data, generaliza-
tion, robustness, and the ability to approximate complex rela-
tionships (Sabzehee et al., 2018). Common architectures, such
as multi-layer feed-forward networks (FFN), are widely used
in regression and classification tasks (Sabzehee et al., 2023).
Model structure, e.g. number of layers and neurons, is typ-
ically determined through experimentation (McKinnell, 2008).
Within this context, LSBDL positions itself as a novel approach
that retains the modeling flexibility of ANNs while enhancing
interpretability through its grounding in least squares theory.
This paper further explores the formulation of deep learning
(DL) within the framework of standard least squares theory,
with a focus on practical implementation. We describe how LS-
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BDL constructs a design matrix by convolving a feature (input)
matrix with an unknown weight matrix, followed by a nonlin-
ear activation function. A single-layer LSBDL model is trained
using the steepest descent (SD) optimization method. This ap-
proach allows for the direct application of least squares the-
ories, such as prediction error analysis and hypothesis testing
(Teunissen, 2000, 2018), while enhancing the transparency and
interpretability of DL models (Amiri-Simkooei et al., 2024).
The remainder of this paper is structured as follows: Section
2 reviews and presents the rationale behind the development
of least-squares-based deep learning (LSBDL) and discusses
its inherent transparency, detailing the training process of the
design matrix using the steepest descent (SD) method. Section
3 focuses on the implementation of LSBDL and illustrates its
performance through a surface fitting problems. Finally, Sec-
tion 4 concludes the paper by summarizing the key findings and
outlining potential avenues for future research.

2. Single-layer LSBDL model

2.1 Background

This section reviews the least-squares-based deep learning (LS-
BDL) model (Amiri-Simkooei et al., 2024), proposed in the
context of a multivariate linear model. The multivariate model,
relates r observation vectors (organized as an m × r matrix
Y = [y1, . . . ,yr]) to r unknown vectors (organized as an n× r
matrix X = [x1, . . . ,xr]); in LSBDL, r refers to the number
of output variables. A multivariate linear model is of the form
(Amiri-Simkooei, 2009):

Y = AX + E (1)

where the same m×n design matrix A connects yi to xi for all
i = 1, . . . , r, and E = [e1, . . . , er] is an m× r residual matrix.
The covariance matrix of Y can be expressed as a Kronecker
product ⊗ of two matrices as:

D(Y ) = Qvec(Y ) = Σ⊗Q (2)

where vec(.), the vector operator, converts a matrix into a column
vector, the r×r matrix Σ expresses covariances among different
output (classes), and the m×m matrix Q expresses covariances
among different observations within a class. The least squares
estimate of the unknown parameters is

X̂ = (ATQ−1A)−1ATQ−1Y (3)

The least squares estimates of the observation and residual matrices
are

Ŷ = AX̂, and Ê = Y − Ŷ (4)

A special case of the multivariate model, is the univariate model,
which relates a single observation vector y to a single unknown
vector x (i.e. r = 1). Classical multivariate linear models as-
sume that both the design matrix and observation matrix are
known. In LSBDL, the design matrix is unknown and must be
determined through a supervised learning process. This pro-
cess constructs the m × n design matrix A from an m × k
feature matrix D (input), where each row of D contributes to
make one row in the design matrix. If a row of D is denoted
as d = [d1, d2, . . . , dk]

T , we introduce the unknown weights
w = [w1, w2, . . . , wk] and form their linear combination as
dTw =

∑
i diwi. For the sake of brevity, we assume dk = 1,

so the last term in the linear combination becomes dkwk =
wk = b, where b is a bias term. In deep learning applications,
these linear combinations of input variables are typically fol-
lowed by activation functions that introduce nonlinearity. The
output of a single neuron is therefore given by y = a(dTw),
where a(.) is an activation function. Figure 2 illustrates a typ-
ical example of an activation function, i.e. ’sigmoid’ and its
derivative, which play an important role in gradient-based op-
timization methods.

Figure 2. Sigmoid activation function and its derivative.

A single neuron can only model simple relationships and is usu-
ally insufficient to capture complex data patterns. To model
more complex relationships, we introduce multiple neurons in
the same layer, each with its own weight vector wj . The outputs
of these neurons are then combined in a subsequent (output)
layer. In this formulation, let x1, . . . , xn denote the weights
connecting the outputs of the n neurons to the output layer,
which we assume applies an identity activation function. The
resulting model output can then be written as:

y = f(d) = a(dTw1)x1 + · · ·+ a(dTwn)xn (5)

This composition of linear combinations and nonlinear activa-
tion functions enables neural networks to capture hidden pat-
terns in data and is fundamental to data-driven machine learn-
ing. Together with the universal approximation theorem, equa-
tion (5) states that any continuous real-valued function of k real
variables can be uniformly approximated with arbitrary preci-
sion using finite linear combinations (here n) of suitable activa-
tion functions, see Cybenko (1989); Costarelli et al. (2013). So
far, we considered the case of a single output (r = 1). How-
ever, many practical problems require multiple outputs, such
as in multi-class classification or multi-output regression. To
handle this, we assign a separate set of weights for each output
unit. Let the total number of outputs be r, and denote the output
vector as y = [y1, . . . , yr]

T . Then, for each output yj , we in-
troduce a distinct set of weights x1j , . . . , xnj connecting the n
hidden neurons to the j-th output. The j-th output is computed
as:

yj = fj(d) = x1ja(d
Tw1) + · · ·+ xnja(d

Twn) (6)

where j = 1, ..., r. The above formulation naturally extends the
single-output case to multiple outputs and reflects the structure
used in the fully connected layers of LSBDL (Amiri-Simkooei
et al., 2024). Let m denote the number of observations and k
the number of features (i.e., each observation has k features).
We define the feature matrix as D ∈ Rm×k. The matrix D
is used to construct the design matrix via the transformation
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Figure 3. Architecture of a single-layer LSBDL network.

A = A(DW ), which results in a matrix-form expression of
Eq. (6):

Y = A(DW )X + E, Qvec(Y ) = Σ⊗Q (7)

where A(.) is an activation function applied elementwise to the
entries of DW . This system of equations is nonlinear with re-
spect to W ; however, once this matrix is fixed, the system be-
comes linear in X . Figure 3 illustrates a feedforward architec-
ture of an LSBDL network with k = 3 input variables (features
d = [d1, d2, d3 = 1]T ), n = 4 neurons in the hidden layer, and
r = 2 output variables (y1 and y2). The weights associated with
the first hidden neuron are w1, w2, and w3. The weighted sums
of the inputs are passed through an activation function to pro-
duce the hidden layer outputs. These outputs are then fed into
the output layer, where they are combined using weights x1,
x2, x3, and x4. Finally, the output layer applies an activation
function (the identity map in this case) to produce the final out-
put. The matrix representation of this example can be explicitly
written as: a matrix-form expression of Eq. (6):

A


: : :

di1 di2 di3
: : :


w11 w12 w13 w14

w21 w22 w23 w24

w31 w32 w33 w34





x11 x12
x21 x22
x31 x32
x41 x42

 =

: :
yi1 yi2
: :


(8)

where i ranges from 1 to m, and the equation is indeed in the
form of Eq. (7).

2.2 Optimization of LSBDL Model

Given matrices Y and D, the supervised learning leads to the
following least squares criterion: The design matrix A = A(DW )
is unknown and needs to be trained/estimated using the least
squares approach.

(Ŵ , X̂) = arg min
(W,X)

1

2
∥Y − A(DW )X∥2 (9)

where Σ ⊗ Q is used to weigh ∥.∥2. We can solve for the
following minimization issue ∥E∥2 = ∥Y − AX∥2 → min
if we assume that A = A(DW ) is supplied. As a result,
we estimate X and W in two steps. It is known that X̂ =
(ATQ−1A)−1ATQ−1Y is the global minimizer for X .

W (t+1) = W (t) + αDT (Q−1ÊΣ−1X̂T ⊙A′) (10)

Algorithm 1: Implementation of LSBDL using SD method

Input:
1. obtain data/feature matrix D

2. observation matrix Y (Σ = Ir and Q = Im)
3. initialize weight matrix W (0) and ∆W (0) = 0
4. set regularization parameter κ
5. set learning rate parameter α
6. set momentum parameter µ
7. set softening parameter s ∈ (0, 1)

8. set maximum number of iterations (tmax)
begin

do for t = 0 till convergence
compute the activation matrix A and its derivative A′

obtain the least squares estimates X̂ = (ATA+ κIn)−1ATY

compute the least squares residuals Ê = Y −AX̂
compute the gradient matrix ∇ϕ = −DT (ÊX̂T ⊙A′)
soften the gradient by transformation ∇ϕ = sgn(∇ϕ)⊙ |∇ϕ|s
compute weights’ corrections ∆W (t+1) = −α∇ϕ+ µ∆W (t)

update the weights W (t+1) = W (t) +∆W (t+1)

increase the counter t = t+ 1

end do
while t < tmax repeat t

end

Figure 4. Symbolic algorithm for implementation of a single
layer LSBDL model formulated by the steepest descent method

(Amiri-Simkooei et al., 2024, after).

This improves W in the SD algorithm through iterations. It in-
cludes the matrices D and A′, the observation covariance mat-
rix Qvec(Y )’s matrices Σ and Q, and the least squares estim-
ations of Ê and X̂ . To carry out the previously mentioned
SD approach, the procedure starts with an appropriate start-
ing weight W (0) and iterates through the previously mentioned
equations to modify the weights W . When the objective func-
tion ϕ(W ) has sufficiently decreased or when ∥W (t+1)−W (t)∥
drops below a predetermined threshold ϵ (Teunissen, 1990), for
example, the iterations will continue until the convergence. Al-
ternatively, the process may be terminated after a fixed num-
ber of iterations, depending on performance on the testing data.
Once the weights (and biases) have been determined, they are
used to compute the activation (design) matrix A. A summary
of these processes is provided in Algorithm 1 (Fig. 4).

LSBDL combines least squares theory and deep learning to
create a method with the following key characteristics: im-
proved interpretability and transparency; intrinsic quality con-
trol; robust error and outlier detection and removal using reli-
ability and hypothesis testing; the ability to embed prior know-
ledge and physical laws; utilization of classical least squares
tools; and versatility across scientific and engineering applica-
tions (Amiri-Simkooei et al., 2024).

2.3 Hyperparameters and Their Roles

• Activation function: An activation function introduces
nonlinearity to allow for complex modeling. For the ex-
ample considered (see the next section), the relation between
[1, u, v] and f(u, v) is not linear, which requires introdu-
cing nonlinearity using activation functions such as sigmoid,
tanh or softplus.

• Number of neurons (n = 5): Number of neurons determ-
ines the width of the hidden layer, thus controlling the
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model’s capacity. A small value of n can lead to under-
fitting, while a large n may cause overfitting. The choice
of n also depends on the number of features k; in this ex-
ample, k = 3 likely requires a larger n), whereas k = 6
likely needs a smaller n.

• Softening parameter (s = 0.5): This parameter con-
trols the degree of nonlinearity applied to the gradient up-
dates during training. To mitigate the risk of large gradi-
ents, which can cause saturation (where gradients vanish)
and increase the risk of overfitting, we propose a gradient
softening method. Instead of using the raw gradients, we
apply a fractional exponent transformation using the s ∈
(0, 1) softening parameter. A smaller s leads to stronger
regularization by efficiently compressing large gradient val-
ues. We found s = 0.5 (i.e. taking the square root of the
absolute gradient entries) to be an effective choice for pre-
venting excessive weight growth.

• Regularization parameter (κ = 10−6): In general, the
regularization parameter prevents overfitting in DL mod-
els. For LSBDL, it stabilizes matrix inversion by penal-
izing large weights. We use the Tikhonov regularization
method, which has been widely used with the least squares
methods Tikhonov (1963).

• Learning rate (α = 0.02): It determines the step size in
the direction of the gradient. A (too) small α = 0.02 can
lead to slow convergence and may get stuck in local min-
ima, whereas a (too) large learning rate causes the model
to overshoot minima and even diverge. Depending on the
application, typical values range from 10−10 to 1.

• Momentum parameter (µ = 0.9): A momentum para-
meter is used in LSBDL to accelerate convergence and
smooth updates by incorporating a fraction of past gradi-
ents. It typically ranges from 0 to 0.99; we use 0.9 as
a common default. Lower values (e.g. 0.1) give rise to
slower and more cautious learning, while higher values
(e.g. 0.99) speed up convergence but may cause overshoot-
ing or instability if not properly tuned. Momentum helps
LSBDL move more smoothly and stay on track, even when
the loss function is bumpy or uneven.

• Activation parameter (actp = 1): In LSBDL, one hy-
perparameter is the activation function parameter actp. It
controls the horizontal scaling of the activation function,
which allows it to be stretched or compressed. For ex-
ample, when using a sigmoid activation, larger actp’s make
the curve steeper, so the output becomes saturated quickly
(becomes close to 0 or 1 near the origin). In contrast, smal-
ler actp’s flatten the curve, so the function stays away from
saturation (i.e. 0 or 1) for a wider range of input values.
This parameter was set to its default value, actp = 1.

• Epochs (= 200): Total number of iterations of the optim-
ization loop.

3. Implementation in Matlab and Python

As mentioned, LSBDL integrates the structure of linear mod-
els into deep learning via the least-squares principle. We now
present an implementation case study using a synthetic nonlin-
ear surface to illustrate how LSBDL learns hidden patterns and
provides predictions with low residuals. The implementation

is performed both in Matlab and Python, and is freely access-
ible at: https://github.com/tud-dasaa/lsbdl.v1. In this paper, we
focus on explaining selected parts of the Matlab code imple-
mentation for the sake of brevity.

3.1 Problem Setup

The target surface is defined as the following mathematical for-
mula:

y = f(u, v) = (u2 + v2)e−u2−v2

, (11)

Figure 5 shows the original function evaluated on a regular grid
over the intervals [−2, 2] along both the u and v axes.

Figure 5. Function y = f(u, v) = (u2 + v2)e−u2−v2

.

Training and prediction are performed on this function over the
domain [−2, 2]×[−2, 2]. The training data consists of m = 500
points simulated using the above function, which is also corrup-
ted with Gaussian noise. Figure 6 shows a typical example of
such simulated data.

% simulate 500 training points
m = 500;
% generate u and v in [-2, 2] interval
u = 4*(rand(m,1)-0.5);
v = 4*(rand(m,1)-0.5);
% obtain training output data
y = (u.^2 + v.^2) .* exp(-u.^2 - v.^2);
% add normal random noise (std=0.01)
y = y + 0.01*randn(m,1);
Y = y;

For this example, two feature matrices have been considered:

• Case 1: D = [1, u, v]

• Case 2: D = [1, u, v, uv, u2, v2]

Case 1 considers the simplest case for which the features are
just the point coordinates ui and vi, i = 1, ...,m and the bias
term (the column of 1), resulting an m× (k = 3) feature matrix
D. Case 2 takes some of the nonlinearity by including more
features uivi, u2

i , and vi’s. This results in an m × (k = 6)
feature matrix D.

Case = 2; % Case = 1;
% construct the feature matrix
if Case==1

D = [ones(m,1), u, v];
else

D = [ones(m,1), u, v, u.*v, u.^2, v.^2];
end
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Figure 6. Scatter plot of m = 500 points from y = f(u, v), with
(u, v) sampled uniformly over the plane and y perturbed by

Gaussian noise with a standard deviation of σ = 0.01.

The goal now is to establish the link between the input matrix
D and the output matrix Y (for the example considered in this
study, Y is a vector, indicating that it has only one output).

Input
D

Function
A(DW )X

Output
Y

The function A(DW )X is estimated by training a single-layer
LSBDL model using the SD method (Algorithm 1). The imple-
mentation employs a network with nonlinear activation func-
tions. The weights are updated using gradient descent with
some hyperparameters such as softening and momentum. The
hyperparameters and their roles have already been explaind in
Section 2.3. All hyperparameters were defined within a Mat-
lab structure P, which makes them easy to manage, tune, and
modify independently. The activation function, specified sep-
arately via the variable Activation, was set to ’sigmoid’ in
this implementation.

% activation function
Activation = "sigmoid";
% number of observations
P.m = size(D,1);
% number of features
P.k = size(D,2);
% number of output variables
P.r = size(Y,2);
% number of unknowns (neurons)
P.n = 5; % tunable
% softening parameter
P.spar = 0.5;
% regularization parameter
P.kappa = 1e-6;
% learning rate parameter
P.alpha = 2e-2;
% momentum parameter
P.mu = 0.90;
% activation parameter
P.actp = 1;
% Number of iterations
P.Epochs = 200;

The code is then divided into four core functions:

• activation function: Computes the design matrix A
and its derivative A′.

• lsbdl sd initialize: Initializes weights, activations, and
estimates the parameters.

• lsbdl sd optimize: Iteratively updates the weights us-
ing steepest descent.

• lsbdl sd test: Predicts outputs for test data using trained
parameters.

Here are some detailed information. Step 1: The implementa-
tion of the LSBDL method follows a structured approach, where
the hyperparameters (in structure P) and primary data (all matrices),
organized within the structure MAT, are used. The initialization
step involves setting the feature matrix D and the target matrix Y,
and subsequently calling the function lsbdl sd initialize

to set up the necessary components for the LSBDL algorithm.

% Initialization step
MAT.D = D;
MAT.Y = Y;
MAT = lsbdl_sd_initialize(MAT, P, Activation);

The function lsbdl sd initialize uses key variables such
as the number of features k, neurons n, and the regularization
parameter κ to initialize the weight matrix W with uniform ran-
dom values, and then initialize X. To prevent the activation func-
tion from operating in its saturated regime, the weights are res-
caled by a factor inversely proportional to the average stand-
ard deviation of the projected input data. The activation func-
tion is then applied to compute the design matrix MAT.A and
its derivative MAT.Ap. Finally, the initial values for the least-
squares solutions MAT.X, estimated output MAT.Yh, and resid-
ual error MAT.E are computed for use in subsequent iterations.
The code for the function is provided in Appendix. Step 2:
The core optimization routine in the LSBDL is executed it-
eratively across a user-defined number of epochs (here 200).
This is implemented through a loop that repeatedly calls the
lsbdl sd optimize function. In each iteration, the function
updates the model parameters W and X to minimize the dis-
crepancy between observed and modelled data, using a steepest
descent (SD) method.

% Optimization step
for it = 1:P.Epochs

P.it = it;
MAT = lsbdl_sd_optimize(MAT, P, Activation);

end
% estimate the covariance matrix Sigma
Sigma = MAT.Sigma;
% standard deviation of LS fit
EstimatedStd = MAT.Std(end);
fprintf(’Estimated␣standard␣deviation:␣%.4f\n’,

EstimatedStd)

This function first computes the gradient of the loss function
with respect to the weight matrix W , which incorporates the
derivative of the chosen activation function. This gradient is
then softened using a power-based regularization controlled by
a softening parameter spar. The weight update combines this
softened gradient with a momentum term and a learning rate (all
tuned to their optimized values). Once the weights are updated,
the design matrix A and its derivative are recalculated, and the
updated system is solved using a regularized least-squares for-
mulation to re-estimate the unknown parameters X . The func-
tion then recomputes the estimated observations Ŷ = AX , and
consequently estimates the residuals E = Y − Ŷ . , and stores
the standard deviation of these residuals at each iteration. After
all epochs are completed, the final residual matrix is used to
compute the estimated covariance matrix and standard devi-
ation of the fit:

Σ̂ =
E⊤E

m− n
(12)

ISPRS Annals of the Photogrammetry, Remote Sensing and Spatial Information Sciences, Volume X-4/W8-2025 
The 8th ISPRS Geospatial Conference 2025, 15–17 December 2025, Tehran, Iran

This contribution has been peer-reviewed. The double-blind peer-review was conducted on the basis of the full paper. 
https://doi.org/10.5194/isprs-annals-X-4-W8-2025-85-2026 | © Author(s) 2026. CC BY 4.0 License.

 
89



The overall standard deviation of the LS fit is obtained as

σ̂ =

√
tr(Σ̂)

r
(13)

where tr(.) is the trace operator. For this application r = 1,
and hence Σ̂ = σ̂2 is the estimated variance of the fit. The
estimate σ̂ serves as a global measure of model fit quality on
the training data. The code for the function is provided in Ap-
pendix. Figure 7 illustrates the estimated standard deviation of
the least-squares fit over different iterations. In this example,
the estimate converges to approximately 0.01, which matches
the standard deviation of the noise added to the simulated data.

Figure 7. Estimated standard deviation of the least-squares fit.

After optimizing the network, the model of observation equa-
tions can be established. In principle, the existing least squares
theory can then be directly applied to this model. For example,
hypothesis testing could be used to identify outliers in the data.
However, this functionality has not been implemented in the
current version. Instead, we simply plot the least squares es-
timate of the residuals (Fig. 8). For this example, the residuals
exhibit more or less the same variability, as expected from the
simulated data, and are consistent with the estimated standard
deviation of σ̂ = 0.01.

figure
plot(MAT.E,’o’)
hold on
xlabel(’Observation␣ID’)
ylabel(’Least␣squares␣residuals’)
box on, grid on

Step 3: To evaluate the predictive performance of the trained
network, a testing dataset was generated. Since the underlying
mathematical function employed to simulate the data is known,
the true function value at any given point can simply be de-
termined. In this step, we generate a regular grid of testing
points (u, v), calculated the corresponding true function values
f(u, v), and then used the trained model to predict these values
based on the input features Dt (i.e., the extracted features of
’Case 1’ or ’Case 2’ using the coordinates of the grid points).
This is performed using the lsbdl sd test function, which is
described in Appendix. The predicted outputs were then com-
pared to the true values to assess the model’s performance. The

Figure 8. Least squares estimate of residuals.

difference between the predicted and true values provides a dir-
ect measure of the prediction error. A surface plot of the pre-
dicted values is illustrated in Fig. 9, and the prediction errors in
Fig. 10, which are generally small. In a typical run, the root
mean square error (RMSE) is 0.0021, which is significantly
lower than the noise level added to the simulated data.

% prepare testing data
[Ut, Vt] = meshgrid(-2:0.1:2, -2:0.1:2);
Yt = (Ut.^2 + Vt.^2) .* exp(-Ut.^2 - Vt.^2);
[mr nr] = size(Ut);
ut = reshape(Ut,mr*nr,1);
vt = reshape(Vt,mr*nr,1);
yt = reshape(Yt,mr*nr,1);
mt = length(ut);
if Case==1

Dt = [ones(mt,1) ut vt];
else

Dt = [ones(mt,1) ut vt ut.*vt ut.^2 vt.^2];
end
% Testing step
MAT.Dt = Dt;
MAT.Yt = yt;
MAT = lsbdl.testing(MAT, P, Activation);

Figure 9. Prediction of the mathematical function in Fig. 5.

4. Conclusions

LSBDL leverages flexibility of deep learning to capture com-
plex patterns to iteratively train a design matrix that models
nonlinear relationships between input and output. In this method,
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Figure 10. Prediction error of mathematical function in Fig. 5.

the design matrix is built through successive iterations to en-
hance the match between input and output. From the perspect-
ive of explainable AI (XAI), LSBDL enhances the interpretab-
ility and transparency of deep learning models. A gradient-
based optimization technique, namely steepest descent (SD),
has been employed to formulate LSBDL. It offers several at-
tractive features, including the ability to incorporate heterogen-
eous information by integrating the covariance matrix of ob-
servations during training. This contribution focused on imple-
menting a single-layer LSBDL model using the SD method. Its
potential applications span geoscience and aviation domains,
including GNSS, GRACE, aviation acoustics, and operational
challenges that fall beyond the scope of traditional linear model
theory.
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APPENDIX

The Matlab code of the four functions of LSBDL is presented.

Activation function:

function [A, Ap] = activation_function(I, actp,
Activation)

if nargin < 3
% Default activation function
Activation = ’sigmoid’;

end
if nargin < 2

% Default activation parameter
actp = 1;

end
% Scale the input
I = actp * I;
choice = lower(Activation);
switch choice

case {’sigmoid’}
A = 1./(1+exp(-I));
Ap = actp * (A-A.^2);

case {’softmax’}
A = softmax(I’)’; % Approximation
Ap = actp * (A-A.^2);

case {’relu’}
A = max(0,I);
Ap = actp * sign(A);

case {’softsign’}
A = I./(1+abs(I));
Ap = actp * 1./(1+abs(I)).^2;

case {’tanh’}
A = (exp(I)-exp(-I))./(exp(I)+exp(-I));
Ap = actp * (1-A.^2);

case {’cubic’}
A = I.^3;
Ap = actp * 3*I.^2;

case {’softplus’}
A = log(1+exp(I));
Ap = actp * 1./(1+exp(-I));

otherwise
error(’Activation␣function␣is␣not␣

recognized!’);
end
end

Initialization function:

function MAT = lsbdl_sd_initialize(MAT,P,
Activation)

% number of features
k = P.k;
% number of neurons (unknowns in X)
n = P.n;
% regularization parameters
kappa = P.kappa;
% activation parameter
actp = P.actp;
% feature matrix
D = MAT.D;
% initialize W
W = 2*rand(k,n)-1;
W = 0.1*W/mean(std(MAT.D*W));
MAT.W = W;
% compute design matrix and its derivative
[A, Ap] = activation_function(D*W, actp,

Activation);
MAT.A = A; MAT.Ap = Ap;
% least-squares estimate of X
MAT.X = inv(A’*A + kappa*eye(n))*A’*MAT.Y;
% least-squares estimate of Y
MAT.Yh = A*MAT.X;
% least-squares estimate of E
MAT.E = MAT.Y - MAT.Yh;
% initialize dW
MAT.dW = zeros(k,n);
end

Optimization function:

function MAT = lsbdl_sd_optimize(MAT, P,
Activation)

% number of observations (data points in Y)
m = P.m;
% number of neurons (unknowns in X)
k = P.k;
% number of features
n = P.n;
% number of output variables
r = P.r;
% softening parameter
spar = P.spar;
% regularization parameters
kappa = P.kappa;
% learning rate parameter
alpha = P.alpha;
% momentum parameter
mu = P.mu;
% activation parameter
actp = P.actp;
% iteration number
it = P.it;
% compute the gradient
G = -MAT.D’*((MAT.E*MAT.X’).*MAT.Ap);
% soften the gradient
G = ((abs(G)).^spar) .* sign(G);
% compute weight corrections (considering

momentum)
MAT.dW = -alpha*G + mu*MAT.dW;
% updates weight W
MAT.W = MAT.W + MAT.dW;
% obtain the design matrix and its derivative
[MAT.A, MAT.Ap] = activation_function(MAT.D*MAT.W

, actp, Activation);
% least-squares estimate of unknowns X
MAT.X = inv(MAT.A’*MAT.A + kappa*eye(n))*MAT.A’*

MAT.Y;
% least-squares estimate of observations Y
MAT.Yh = MAT.A*MAT.X;
% least-squares estimate of residuals E
MAT.E = MAT.Y - MAT.Yh;
E = MAT.E;
% estimated standard deviation of LS fit
MAT.Std(it) = sqrt(trace(E’*E/(m-n))/r);
end

Testing function:

function MAT = lsbdl_sd_test(MAT,P,Activation)
[MAT.At, MAT.Apt] = activation_function(MAT.Dt*

MAT.W, P.actp, Activation);
% predicted test data
MAT.Yht = MAT.At*MAT.X;
% prediction error
MAT.Et = MAT.Yt-MAT.Yht;
mt = size(MAT.Et,1);
% RMSE of predicted results
MAT.RMSE = sqrt(trace(MAT.Et’*MAT.Et/mt)/P.r);
end
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